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Motivation 1: the Hodgkin-Huxley’s neuron (1952)

A.L. Hodgkin, A.F. Huxley, A quantitative description of membrane current and its application to conduction and excitation in nerve 
Bulletting of Mathematical Biology Vol. 52, No. 1/2, pp. 25-71. 1990
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Motivation 2: Chua’s memristive system (1976)

L.O. Chua, S.M.Kang, Memristive devices and systems 
Proceeding of the IEEE, Vol. 64, No.2 1976
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D. Jeltsema, J. Scherpen, Multidomain modeling of nonlinear network and systems, 
IEEE Control Systems Magazine, 2009
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Motivation 3: state functions of a memristor? (Chua 1971, Jeltsema-Scherpen 2009)
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<latexit sha1_base64="3CJIps2TpD3+LmRiA5LrQXBwlV0=">AAACDXicbVA9TwJBEN3DL8SvU0ubjZwJNuSOAi2JNpaYyEcChOwte7Bhb+/YnSMhhD9g41+xsdAYW3s7/40LXKHgSyZ5eW8mM/P8WHANrvttZTY2t7Z3sru5vf2DwyP7+KSuo0RRVqORiFTTJ5oJLlkNOAjWjBUjoS9Ywx/ezv3GmCnNI/kAk5h1QtKXPOCUgJG6tuOMC3DJTeF2n42wi9ujUUJ6Dg4ihYkQ2AGna+fdorsAXideSvIoRbVrf7V7EU1CJoEKonXLc2PoTIkCTgWb5dqJZjGhQ9JnLUMlCZnuTBffzPCFUXqL9UEkAS/U3xNTEmo9CX3TGRIY6FVvLv7ntRIIrjtTLuMEmKTLRUEiMER4Hg3uccUoiIkhhCpubsV0QBShYALMmRC81ZfXSb1U9MrF8n0pX7lJ48iiM3SOCshDV6iC7lAV1RBFj+gZvaI368l6sd6tj2VrxkpnTtEfWJ8/DMKZCg==</latexit>

v(t)i(t) → 0 for all tPhysics fundamentals: passivity, power  
dissipation, content and co-content

Physics of  ODEs with ‘internal’ variables? Why?

Instantaneous i-v relation 
that depends on the past

Hodgkin-Huxley neurons (mem-circuit)

Part 1: Motivation

state functions of a memristor?



Gradient modeling of memristive circuits

Part 1: Motivation

Part 2: Gradient resistive and memristive elements 

Part 3: linear RC and mem-RC circuits

Part 4: On memcapacitance and excitable robotics… 



Memristive element

<latexit sha1_base64="r6ctPzwOFxZtJySKn1qLEHqW23g="></latexit>

→i,v↑ =
∫ T

→↑
i(t)v(t)dt =

∫ T

→↑
v(t)g(v)(t)v(t)dt = →v,v↑g ↓ 0

Instantaneous but past-dependent i-v relation

Input signals that differ in the remote 
past have similar current outputs

Operator-theoretic view 



Dissipated energy is the Riemannian metric



Linear resistor

Dissipated energy Co-content

The co-content determines  the resistive relationship



Dissipated energy Co-content

The co-content determines  the resistive relationship

Nonlinear resistor



Nonlinear resistor The linear equivalent between dissipation and co-
content is recovered by taking the voltage space 

as a Riemannian manifold with metric 1/g

1/g - dissipated energy 1/g co-content



Nonlinear resistor (on the Rimannian manifold with metric 1/g)

1/g - dissipated energy 1/g co-content

The 1/g co-content determines  the resistive relationship



Memristor Inner products

1/g - dissipated energy 1/g co-content

The 1/g co-content determines  the resistive relationship



MemristorLinear resistor

<latexit sha1_base64="OTqNRu4te01IWkv20KnNWFrnRpk=">AAAB9HicbZDLSgNBEEVr4ivGV9Slm8YgxE2YEYluhIAb3UUwD0iG0NPpSZr0POyuCYQh3+HGhSJu/Rh3/o2dZBaaeKHhcKuKqr5eLIVG2/62cmvrG5tb+e3Czu7e/kHx8Kipo0Qx3mCRjFTbo5pLEfIGCpS8HStOA0/ylje6ndVbY660iMJHnMTcDeggFL5gFI3lijKekxsyIGMDvWLJrthzkVVwMihBpnqv+NXtRywJeIhMUq07jh2jm1KFgkk+LXQTzWPKRnTAOwZDGnDtpvOjp+TMOH3iR8q8EMnc/T2R0kDrSeCZzoDiUC/XZuZ/tU6C/rWbijBOkIdsschPJMGIzBIgfaE4QzkxQJkS5lbChlRRhianggnBWf7yKjQvKk61Un24LNXuszjycAKnUAYHrqAGd1CHBjB4gmd4hTdrbL1Y79bHojVnZTPH8EfW5w83iJB7</latexit>

i(t) = gv(t)



Gradient modeling of memristive circuits

Part 1: Motivation

Part 2: Gradient resistive and memristive elements 

Part 3: linear RC and mem-RC circuits

Part 4: On memcapacitance and excitable robotics… 



Potential (constant currents)

Convergence

Dynamics

Linear RC



Linear RC

Potential (constant currents)

Convergence

Dynamics

mem-RC

Dynamics

Energy dissipation

<latexit sha1_base64="ISukpntc7Kl02iq00fcGAfrwOec=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARXJSSiFSXRTcuK9gLNKFMpift0MkkzkwKJeQl3Pgqblwo4lZw59uYtBW09cDAx/+fw5zzexFnSlvWl1FYWV1b3yhulra2d3b3zP2DlgpjSaFJQx7KjkcUcCagqZnm0IkkkMDj0PZG17nfHoNULBR3ehKBG5CBYD6jRGdSz6w4HO6xw4kYcMBOQPTQ8xOWVn5wnGJHztxSzyxbVWtaeBnsOZTRvBo989PphzQOQGjKiVJd24q0mxCpGeWQlpxYQUToiAygm6EgASg3mV6V4pNM6WM/lNkTGk/V3xMJCZSaBF7Wme+qFr1c/M/rxtq/dBMmoliDoLOP/JhjHeI8ItxnEqjmkwwIlSzbFdMhkYTqLMg8BHvx5GVonVXtWrV2e16uX83jKKIjdIxOkY0uUB3doAZqIooe0BN6Qa/Go/FsvBnvs9aCMZ85RH/K+PgGJ7Ge0Q==</latexit>

→ ↑i,v↓

for closed trajectories

<latexit sha1_base64="TMrrTorW4DWOLHKGr5CEqlqptg8=">AAAB9HicbVBNTwIxFHyLX4hfqEcvG4mJJ7JrDHokevGIiSAJbEi3PKCh7a5tl4Rs+B1ePGiMV3+MN/+NXdiDgpM0mcy8lzedMOZMG8/7dgpr6xubW8Xt0s7u3v5B+fCopaNEUWzSiEeqHRKNnElsGmY4tmOFRIQcH8PxbeY/TlBpFskHM40xEGQo2YBRYqwUdAUxIyVSgWJW6pUrXtWbw10lfk4qkKPRK391+xFNBEpDOdG643uxCVKiDKMcZ6VuojEmdEyG2LFUEoE6SOehZ+6ZVfruIFL2SePO1d8bKRFaT0VoJ7OQetnLxP+8TmIG10HKZJwYlHRxaJBw10Ru1oDbZwqp4VNLCFXMZnXpiChCje0pK8Ff/vIqaV1U/Vq1dn9Zqd/kdRThBE7hHHy4gjrcQQOaQOEJnuEV3pyJ8+K8Ox+L0YKT7xzDHzifP92oki0=</latexit>mem



Hodgkin-Huxley gradient memcircuit
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Hodgkin-Huxley gradient memcircuit

Grad
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t v
iew
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Hodgkin-Huxley gradient memcircuit

Compute: zeros instead of integration steps  
two-step iteration - (i) given v update G, (ii) given G update V

What representation for conductances? (why ODEs?)



Gradient modeling of memristive circuits

Part 1: Motivation

Part 2: Gradient resistive and memristive elements 

Part 3: linear RC and mem-RC circuits

Part 4: On memcapacitance and excitable robotics… 



Mem-elements (a proposal)

D. Jeltsema, J. Scherpen, Multidomain modeling of nonlinear network and systems, 
IEEE Control Systems Magazine, 2009

*
*

*<latexit sha1_base64="btI/6WSMfnZc3TF5DXCTpBkSOQc=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCp5L0UD0WvXisYD+gDWWz3bRLN5uwuymU0B/hxYMiXv093vw3btMctPXBwOO9GWbmBQlnSrvut1Xa2t7Z3Svv2weHR8cnldOzjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6f3S786oVCwWT3qeUD/CY8FCRrA2Utdx7JntOMNK1a25OdAm8QpShQKtYeVrMIpJGlGhCcdK9T030X6GpWaE04U9SBVNMJniMe0bKnBElZ/l5y7QlVFGKIylKaFRrv6eyHCk1DwKTGeE9USte0vxP6+f6vDWz5hIUk0FWS0KU450jJa/oxGTlGg+NwQTycytiEywxESbhGwTgrf+8ibp1Gteo9Z4rFebd0UcZbiAS7gGD26gCQ/QgjYQmMIzvMKblVgv1rv1sWotWcXMOfyB9fkDv5WN4w==</latexit>v

<latexit sha1_base64="qMhLdryK4LkZSVkfRjzOn0tILqk=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJIeqseiF48V7Ae0oWy2m3bp7ibsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8KOVMG9//djY2t7Z3dkt77v7B4dFx+eS0rZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZv7nSeqNEvko5mmNBR4JFnMCDZW6niey1zPG5QrftVfAK2ToCAVKNAclL/6w4RkgkpDONa6F/ipCXOsDCOcztx+pmmKyQSPaM9SiQXVYb44d4YurTJEcaJsSYMW6u+JHAutpyKynQKbsV715uJ/Xi8z8U2YM5lmhkqyXBRnHJkEzX9HQ6YoMXxqCSaK2VsRGWOFibEJuTaEYPXlddKuVYN6tf5QqzRuizhKcA4XcAUBXEMD7qEJLSAwgWd4hTcndV6cd+dj2brhFDNn8AfO5w+ruo3W</latexit>

i

<latexit sha1_base64="vK+S7W+NugzvsYabSLu2gQsKNSw=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5L0UD0WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bN20O2vpg4PHeDDPzgoQzpV332yptbG5t75R37b39g8OjyvFJR8WpJLRNYh7LXoAV5UzQtmaa014iKY4CTrvB9Db3u09UKhaLBz1LqB/hsWAhI1gb6dFx7EEyYbbjDCtVt+YugNaJV5AqFGgNK1+DUUzSiApNOFaq77mJ9jMsNSOczu1BqmiCyRSPad9QgSOq/Gxx8RxdGGWEwliaEhot1N8TGY6UmkWB6YywnqhVLxf/8/qpDq/9jIkk1VSQ5aIw5UjHKH8fjZikRPOZIZhIZm5FZIIlJtqEZJsQvNWX10mnXvMatcZ9vdq8KeIowxmcwyV4cAVNuIMWtIGAgGd4hTdLWS/Wu/WxbC1Zxcwp/IH1+QP0bI8o</latexit>
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Memcapacitor

The 1/g co-content determines  the resistive relationship

1/g co-content

Passivity?



Cyclo-passivity of the nonlinear capacitor

<latexit sha1_base64="8cVh94x7s5ixVJakHwinF2Dm8mY=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSLUS9kVqV6Eghe9VbAf2C4lm2bb0CS7JtlCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZWVtfWNzZzW/ntnd29/cLBYUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHgz9ZsjqjSL5IMZx9QXuC9ZyAg2Vnp8QteIlEZnaNQtFN2yOwNaJl5GipCh1i18dXoRSQSVhnCsddtzY+OnWBlGOJ3kO4mmMSZD3KdtSyUWVPvp7OIJOrVKD4WRsiUNmqm/J1IstB6LwHYKbAZ60ZuK/3ntxIRXfspknBgqyXxRmHBkIjR9H/WYosTwsSWYKGZvRWSAFSbGhpS3IXiLLy+TxnnZq5Qr9xfF6l0WRw6O4QRK4MElVOEWalAHAhKe4RXeHO28OO/Ox7x1xclmjuAPnM8fnhyPng==</latexit>

q = c(v)v
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i = c(v)v̇ + ċ(v)v



Lagrangian modeling of the nonlinear capacitor

<latexit sha1_base64="0PJysT4gPNdzFtYNWrEtUdcQqMk=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV6EohePFewHdJeSTbNtaDZZk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFtfWNza3idmlnd2//oHx41NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOR3czvz2mSjMpHs0koUGMB4JFjGBjpcBPhgzdIJ8Jg8a9csWtunOgVeLlpAI5Gr3yl9+XJI2pMIRjrbuem5ggw8owwum05KeaJpiM8IB2LRU4pjrI5kdP0ZlV+iiSypbdPld/T2Q41noSh7Yzxmaol72Z+J/XTU10HWRMJKmhgiwWRSlHRqJZAqjPFCWGTyzBRDF7KyJDrDAxNqeSDcFbfnmVtC6qXq1ae7is1G/zOIpwAqdwDh5cQR3uoQFNIPAEz/AKb87YeXHenY9Fa8HJZ47hD5zPH52BkV4=</latexit>

ω =

∫
v

Cyclo-passive

Passive



Mechanical mem-circuit (a proposal)

D. Jeltsema, J. Scherpen, Multidomain modeling of nonlinear network and systems, 
IEEE Control Systems Magazine, 2009

Mem
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A mechanical spike Y. Zhang and T. Huo



A mechanical spike Y. Zhang and T. Huo



F. Forni, R. Sepulchre, Gradient modelling of memristive systems,  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A.L. Hodgkin, A.F. Huxley, A quantitative description of membrane current and its application to 
conduction and excitation in nerve. Bulletting of Mathematical Biology Vol. 52, No. 1/2, 1990


L.O. Chua, S.M.Kang, Memristive devices and systems. Proceeding of the IEEE, Vol. 64, No. 2 1976
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Thank you! …and thanks to R. Sepulchre, Y. Zhang and T. Huo!

https://arxiv.org/pdf/2504.10093

