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Potential of quantum computing

"‘AND DISCRETE LOGARITHMS ON A QUANTUM COMPUTER- Universal Quantum Simulators
PETER W. SHOR' Seth Lloyd
Prime factorization: Quantum simulation:
« There exists no (known) efficient  Simulating quantum systems is hard
algorithm for classical computers for classical computers
« Applications: cryptography « Applications: drug design, quantum

chemistry, material science

Quantum computing|promises|major advances in computations
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Challenges in quantum computing (P

Noisy intermediate-scale quantum (NISQ) era Quantum Computing in the NISQ era and beyond

John Preskill

* Noisy devices = errors

Institute for Quantum Information and Matter and Walter Burke Institute for Theoretical Physics,
California Institute of Technology, Pasadena CA 91125, USA

* Scalability issues

« Quantum computers exist and can be programmed & accessed via cloud
« Limited reliability & size due to errors

Quantum computing faces a multitude of theoretical and practical challenges:
Robustness, scalability, feedback, performance, convergence, optimality, ...

Control-theoretic principles & methods play a major role!
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Quantum computing and control
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scientific collaboration and academic exchange among colleagues across quantum control, computing, and

Chair(s):
Daoyi Dong

Australian National University
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Washington University
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Mission

The purpose of the TC can be divided into three parts: a) scientific, b) technological, and c)
educational.

> b) TC will support the transfer of discovered “know-how" in the area of quantum computing, quantum estimation
and control theories to potential practical applications;
> ¢) TC will support young scientists in the field of quantum computing, systems and control, and disseminate
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Lorenza Viola, Dartmouth College, USA
Howard Wiseman, Griffith University, Australia

Steering Committee

+ Jayne Thompaon, A*

Daoyi Dong, Australian National University (Chair)
Nina Hadis Amini, CNRS/CentraleSupelec, France
Je-8hin LI, Washington University in St Louls

lan R. Potorsen, Austraian National University

Singapore
+ Guo-Yong Xiang, USTC, China
Hidahiro Yonezawa, RIKEN, Japan

Organizing Committee

+ General Chalr: Guofeng Zhang (PolyU)

General Co-Chalrs:
Al-Qun Liu (PolyU), Xin Wang (CltyU)
Program Chalr; Ren-Bao Liu (CUHK)

Program Co-Chairs: Giullo Chiribelia (HKU),
Re-Bing Wu (Tsinghua University)

+ Finance Chair: Xin Wang

+ Registration Chair: Zhiyuan Dang (HIT)
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Quantum computing and control

This talk

Using concepts and methods from control theory to better understand and
Improve quantum computing:

- Key concepts of quantum computing

» Robustness of quantum algorithms
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Quantum computing and control

This talk

I

Using concepts and methods from control theory tof===
Improve guantum computing: b, ey T
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» Robustness of quantum algorit

uantum computing is the
science of storing and pro-

cessing information using
systems that obey the laws
of quantum mechanics (1.
Quantum mechanics describes na-

ture on tiny scales, where it behaves
radically different from our everyday
experience. On the atomic sca
tems exhibit counterintuitive effects, such

\
as entanglement (a strong form of coupling) or
inherent and irresolvable uncertainty [2]. It was first pro-
posed in the 1980s by Richard Feynman that these effects
could possibly be exploited to perform computations in a
way that is superior to classical computing [3).
Soon after the first inception of quantum computers,

algorithms were developed that provably solve certain

sys-

quantum computing that may provide pos-
sible speedups over classical algorithms. In
particular, quantum simulation is inherently
difficult for a classical computer and has, in
fact, inspired the concept of a quantum computer in the

place [1, Sect, 4.7], [3]. These early theoretical successes have

problems faster than any known classical algorithm. For
example, Grover’s algorithm [4] can be used to solve
unstructured search problems over N elements with a com-
plexity of only O(VN). Perhaps most prominently, Shor’s
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Introduction




Qubits

Qubit state [y) is described by a unit vector in C?

Bra-ket notation |y)
Qubits lie in superposition: |¢) = a|0) + B|1)

with a, 8 € C and |0) = [(1)]:“) = [(1)

States differing by global phase e~ are equivalent
—>Space of qubit states = Bloch sphere

Multi-qubit quantum states

Collection of n qubits: vector in (2 ® -+ ® C% = 2"

_ist®
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Measurement of a quantum state (P

Projective Measurements

e Taken w.rt. an observable M = MT
Spectral theorem: M = ¥, ;P; with P; = v;v!

i

* Measurement outcome: eigenvalue A; of M
with probability (Y |P;|y) = YT P

» Collapse of quantum state: When measuring 4;, N
the state after measurement is v; | 1>

Measuring a single qubit [Y) = a|0) + £|1) w.r.t. Pauli matrix Z = (1 0 )
e Measurement returns 1 with prob. |a|? and —1 with prob. |B8]?.
« State after measurement is [0) or |1), respectively.
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Measurement of a quantum state (P

Projective Measurements

e Taken w.rt. an observable M = MT
Spectral theorem: M = ¥, ;P; with P; = v;v!

i

* Measurement outcome: eigenvalue A; of M
with probability (Y |P;|y) = YT P

» Collapse of quantum state: When measuring 4;, N
the state after measurement is v; | 1>

« Repeated measurements allow to evaluate (¢ |M|[y)

Measurement can be viewed as evaluation of a quadratic form!
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Quantum gates

Quantum gates are described by unitary matrices:

|7~/)out) — Ullpin) |¢in> — U |l/)out>
for some U € €2"*2" with UtU = I.

« Quantum gates are linear and reversible

« Single-qubit gate = rotation on Bloch sphere

. Examples Pauli gates )

x=[} ohv=[; Slz=[y 2]
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Quantum algorithms

Ingredients of a quantum algorithm
* Input state |yYy)

» Unitary matrix U

* Measurement w.r.t. observable M

Summarized in one formula: (o |UTMU|y,)

* Quantum algorithms = linear algebra

« U consists of elementary gates. Key challenge:

[Yo) - U

-

how to choose them

_ist®

J. Berberich: Quantum computing through the lens of control




Examples of quantum algorithms

 Shor's algorithm: Integer factorization
« Polynomial complexity
* Implications for cryptography

- Quantum simulation: Solving the Schrodinger equation [y) = —iH|)

 Classically challenging due to exponential size of |y)
« Applications: quantum chemistry, drug design, material science, ...

e Quantum Fourier transform: Discrete Fourier transform of |i)
« Exponential speedup but result is stored in quantum state
« Key ingredient of other algorithms

* Grover's algorithm: unstructured search
- Quadratic speedup (0(v/N) instead of O(N))
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Variational quantum algorithms (P

« Any unitary matrix can be written as U = e~ for some H = HT

- Parametrized unitaries U(6) = Uy(8y) -+ Uy(8y) with U;(6;) = e %)

Goal: minimize £(68) with ’ R N e I v=f(0)
f(8) = (YolUO) MU () Ipo)

- Iteratively adapt parameters
{9+ =9g(6,v) ]‘

« Finding minimum eigenvalue of M: relevant in quantum chemistry

Applications of VQAs:

« Combinatorial optimization

« Machine learning: Use f(8) as function approximator
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Variational quantum algorithms

?

« Any unitary matrix can be written as U = e~ for some H = HT

- Parametrized unitaries U(6) = Uy(8y) -+ Uy(8y) with U;(6;) = e %)

U1(91) T T UN(GN)

Goal: minimize f(8) with ’ ) —
£(8) = (YolUO)TMU(O)|1ho)

] v = £(0)

- Iteratively adapt parameters

{9+ =g(0,v) ]‘

Variational quantum algorithms: Feedback loops of quantum/classical algorithms

e Lur'e system: Static nonlinearity + linear dynamical system

« Challenges: Non-convexity, optimization landscape, ...
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Using quantum computers in control

77

Systems and control theory Quantum computing

Scope of this
talk

Some problems addressed via quantum algorithms:

« Combinatorial optimization

2024 European Control Conference (ECC)
June 25-28, 2024, Stockholm, Sweden

« Mixed-integer optimization
Using quantum computers in control: interval matrix properties

« Semidefinite programming

Jan Schneider, Julian Berberich

« Linear systems of equations

Quantum computing has potential to address computational problems in control
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Physical computation




Connections

Quantum Computation over Continuous Variables

Quantum annealing in the transverse Ising model Seth Lloyd
MIT Department of Mechanical Engineering, MIT 3-160, Cambridge, Massachusetts 02139

Tadashi Kadowaki and Hidetoshi Nishimori
Department of Physics, Tokyo Institute of Technology, Oh-okayvama, Meguro-ku, Tokyo 152-8551, Japan Samuel L. Braunstein

(Received 30 April 1998) SEECS, University of Wales, Bangor LL57 1UT, United Kingdom

(Received 27 October 1998)

Quantum neuromorphic computing @ . ,
Neuromorphic quantum computing

Cite as: Appl. Phys. Lett. 117, 150501 (2020); doi: 10.1063/5.0020014 ann) 1 . .

Submitted: 27 June 2020 - Accepted: 25 September 2020 - @ (] @ Christian Pehle

Published Online: 13 October 2020 ewOnloe - Exger Ciion ek Kirchhoff-Institute for Physics, Heidelberg University, Im Neuenheimer Feld 227, 69120 Heidelberg, Germany
Danijela Markovi¢® (i) and Julie Grollier Christof Wetterich i

AFFILIATIONS Institute for Theoretical Physics, Heidelberg University, Philosophenweg 16, 69120 Heidelberg, Germany

Unité Mixte de Physique CNRS/Thales, Université Paris-Saclay, 91767 Palaiseau, France
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Ising problems in quantum computing

Ising problem: minimize the Hamiltonian of a set of n spins x; = +1

H(x) = Z]l]x Xj — thl

i<j

Quantum reformulation

Steer quantum state |) to minimum of (Y |M|y) with observable

M= — Z]UZZ th

i<j

» Notation Z;: Applying Z = [(1) _01] to the J-th qubit
« Encompasses combinatorial optimization problems
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Tackling Ising problems via VQAs

A Quantum Approximate Optimization Algorithm

MI n l m IZe f (9) - (l/)O | U(H) M U(H) |l/)0> Edward Farhi and Jeffrey Goldstone
. Center for Theoretical Physics
Wlth M = Zl<] ]l]ZlZ] - Zl hlZl Massachusetts Institute of Technology

Cambridge, MA 02139

v=f(6)

|1/J0>_ U1(91) T T UN(HN) /7A

{6“ =g(0,v) ]‘

‘ iIst?® . Berberich: Quantum computing through the lens of control
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 Choice of U(0)?
« Optimization?
e (GQUarantees?




Quantum annealing

Schrodinger equation: [ (t)) = —iH () |[p(£))

Quantum annealing

Evolve with Hamiltonian H(t) = (1 —u(t))B + u(t)M with B = }.; X;
1. Initial state [Y(0)) = |[+)®"* =1 ... 1]T

2. Change input slowly from w(0) = 0tow(T) = 1

3. Final state [y(T))

» Adiabatic theorem:
|Y(T)) is the ground state of M if the system evolves sufficiently slowly.

« QOtherwise: used as a heuristic.
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Connections

Quantum Computation over Continuous Variables

Quantum annealing in the transverse Ising model Seth Lloyd

MIT Department of Mechanical Engineering, MIT 3-160, Cambridge, Massachusetts 02139
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Robustness of quantum algorithms:
Coherent control errors




Quantum errors

Errors can enter at any stage:

Preparing the input state [ig) —
Implementing the gates in U |Wy) - U

Performing the measurement M

Keeping the qubits in coherence - e

Quantum error correction: detect & correct errors via additional gates & qubits
Problem: possibly large overhead

Understanding of errors and how to mitigate them is active research topic!
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Quantum errors

Coherent control errors

« Any unitary matrix U can be written as U = e~ for some H = HT

» Coherent control error: The ideal gate Uigey = e~ is replaced by

Unoisy(€) = e~*1+9H for some ¢ € R

« Caused by imprecise control, e.g., miscalibration
« Similar results for more general errors
(coherent & incoherent)
Our results: Analysis of coherent control errors

Study Iinherent robustness of quantum algorithms

Implications for algorithm design
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Problem setup

ldeal quantum algorithm Noisy quantum algorithm
|1/3> = ﬁ1 ﬁNh/Jo) with U\] = e 'Hj Y (e)) = U1_(€1) -+ Uy (en) o) with
Ui(g) = e 'I*e)Hjand ¢; € R
o) — Uy —— Uy 1) Vo) Un(en) —— Ui(e1) —lv(e))

» They are related via [¢) = |1(0))
« Assumption: € is bounded, i.e, |lg]| < €

Problem: Robustness analysis

Find fidelity lower bound: |[(¥(&)|)| = 1 — c&2 for some ¢ > 0.
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Robustness analysis

Key Idea: use concept of Lipschitz bounds

Definition: L > 0 is a Lipschitz bound of |y) if
Iw(e) = [YENWI < Llle— €'l  foralle e € RY.

Theorem

L =YY ,||H;| is a Lipschitz bound of |4).

— iy

Example: L = ||Hy|| + --- + ||Hs]||

—iH,

—iH;

—iHs
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Robustness analysis

Corollary

For any e with [[e]|| < & and any initial state [ig), it holds that
~ =2
(@) =1 - (Eallml) S

» Fidelity loss bounded by ||H;|| and noise bound &
* Smaller ||H;|| = better robustness

Design of the algorithm influences its robustness!
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Application: Quantum Fourier Transform (P

We consider five different implementations of the THHSKHT
Quantum Fourier Transform. For each, we l
» compute the Lipschitz bound Y3_, ||H;|| Hp15
« simulate the circuit with coherent control errors. o l H =<
: : 1.00 T = = 160
Discussion 0.96 1 I I B F 140
+ Small I, ||H;|| > high fidelity e - e
— .88 - N o N - 100 2
« Existing metrics such as gate count or ;0 N || || || - I
depth do not explain the outcome z =
< 0.801 - = = = = F60 2
- 0.76 1 [ | [ | [ [ | [ - 40
Framework provides a priori o2 | H - - - SR
robustness guarantees! 0.68 0

A (54.31) B (56.31) C (17.13) D (16. 11) E (22, 17)
Average Worst Lorr
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Robustness of quantum algorithms:
Coherent errors




Problem setup (P

ldeal quantum algorithm Noisy quantum algorithm
1Y) = Ty - Uy tho) with T; = e tHj |Y) = Uy - Uy|po) with noisy gates U;
WO>_ [\]N [71 _‘1% WO)_ UN U1 _‘Qp)

Noisy gates: U; = U;U, ; with error U ; > coherent error

Assumption: Error model

Ue,; = e Hei with H, ; € 3, ; for known set Hy;

Examples: - Rotation with unknown but bounded angle
- Coherent control errors
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Theoretical analysis

Goal: For a given algorithm and error model, compute a fidelity bound
Definition: G = %Z?’zl I7j+He,jl7j where V; depends on the algorithm
Theorem

If ||He ;|| < 6 and IIGIl < y6 for any He ; € H, j, then

2
I > 1= 500w (v + 525

* Bound y Is explicitly computable
« Algorithm-dependent vs. Intrinsic error

Guideline for algorithm design: minimize y

iIst® ). Berberich: Quantum computing through the lens of control




Application: Quantum Fourier Transform ?

We consider different implementations A-D of the dHHSHT
Quantum Fourier Transform. For each, we l
« compute the fidelity bound with different error models Hp S
(coherent control error) o . H Bk
Discussion 10 3 B =i )
1 B I B Bound (yopt)
 Bounds correlate with simulation results | - . " Meah & S Sl

1072 7 & & 5 i

« Results are tighter than prior work

Infidelity 1 - F

107% 7§

107 7§

A (34, 59) B (23, 42) C (14, 20) D (9, 14)
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Application: Quantum Fourier Transform

We consider different implementations A-D of the AHHSHT
Quantum Fourier Transform. For each, we l
« compute the fidelity bound with different error models Hp S
(X/Y/Z-rotations) o . H Bk
: : Infidelity bound for different errors 6 =0.001
DISCUSSIOn 1 O @ xerror
] ’A A \Z’-error
» Robustness properties are non-trivial and m e
depend on the algorithm + error model 2 0‘.
« Works for arbitrary coherent errors t
g 107 - =
2 1/
Flexible framework for robustness analysis
. - =
of quantum algorithms | | | o
A (34, 59) B (23, 42) C (14, 20) D (9, 14)
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Conclusion




Wrap-up

Quantum algorithms consist of:
* Qubit state = complex unit vector
e Quantum gate = unitary matrix = rotation

* Measurement = quadratic form
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Wrap-up

Quantum algorithms consist of:

* Qubit state = complex unit vector

e Quantum gate = unitary matrix = rotation

* Measurement = quadratic form | Quantum Computing Through
the Lens of Gontrol

ATUTORIAL INTRODUCTION

A Control
Look at
Quantum
. Computing

JULIAN BERBERICH:
and DANIEL FINK

uantum computing is the

science of storing and pro-

cessing information using

systems that obey the laws

of quantum mechanics [1].
Quantim mechanics describes na-
ture on tiny scales, where it behaves
radically different from our everyday
experience. On the atomic scale, sys-
tems exhibit counterintuitive effects, such
as entanglement (a strong form of coupling) or
inherent and irresolvable uncertainty [2]. It was first pro-
posed in the 1980s by Richard Feynman that these effects
could possibly be exploited to perform computations in a
way that is superior to classical computing [3].

Soon after the first inception of quantum computers,

quantum computing that may provide pos-
algorithms were developed that provably solve certain
problems faster than any known classical algorithm. For
example, Grover's algorithm [4] can be used to solve

sible speedups over classical algorithms. In
particular, quantum simulation is inherently
difficult for a classical computer and has, in
unstructured search problems over N elements with acom-  fact, inspired the concept of a quantum computer in the first

plexity of only O(/N). Perhaps most prominently, Shor's  place [1, Sect, 4.7}, [3}. These early theoretical successes have
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Wrap-up

Quantum algorithms consist of:
* Qubit state = complex unit vector
e Quantum gate = unitary matrix = rotation

* Measurement = quadratic form

Robustness of quantum algorithms:
Coherent control errors

 Worst-case bounds via Lipschitz continuity

- Design guidelines: small ||H;||

Robustness of quantum algorithms against coherent control errors

Julian Berberich
Institute for Systems Theory and Automatic Control, University of Stuttgart, 70569 Stuttgart, Germany

Daniel Fink® and Christian Holm
Institute for Computational Physics, University of Stuttgart, 70569 Stuttgart, Germany

M (Received 10 November 2023; accepted 21 December 2023; published 10 January 2024)

Coherent control errors, for which ideal Hamiltonians are perturbed by unknown multiplicative noise terms,
are a major obstacle for reliable quantum computing. In this paper we present a framework for analyzing the
robustness of quantum algorithms against coherent control errors using Lipschitz bounds. We derive worst-
case fidelity bounds which show that the resilience against coherent control errors is mainly influenced by the
norms of the Hamiltonians generating the individual gates. These bounds are explicitly computable even for
large circuits and they can be used to guarantee fault tolerance via threshold theorems. Moreover, we apply
our theoretical framework to derive a guideline for robust quantum algorithm design and transpilation, which
amounts to reducing the norms of the Hamiltonians. Using the three-qubit quantum Fourier transform as an
example application, we demonstrate that this guideline targets robustness more effectively than existing ones
based on circuit depth or gate count. Furthermore, we apply our framework to study the effect of parameter
regularization in variational quantum algorithms. The practicality of the theoretical results is demonstrated via
implementations in simulation and on a quantum computer.

Daniel Fink Christian Holm

Institute for Computational Physics
University of Stuttgart
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Wrap-up (P

Quantum algorithms consist of:

Robustness of quantum algorithms: Worst-case fidelity

° QU b It state = com P lex unit vector bounds and implications for design
Julian Berberich!, Tobias Fellner?, Robert L. Kosut?, and Christian Holm?2
® Q u a n tu m gate — u n |ta ry m atrlx 9 rotatl O n !University of Stuttgart, Institute for Systems Theory and Automatic Control and Center for Integrated Quantum Science and
Technology (IQST), 70569 Stuttgart, Germany

*University of Stuttgart, Institute for Computational Physics, 70569 Stuttgart, Germany
'SC Solutions, San Jose, CA, USA, Quantum Elements, Inc., Thousand Oaks, CA, USA, and Princeton University, Princeton

* Measurement = quadratic form

Robustness of quantum algorithms:
Coherent and incoherent errors

g \
Y » \ '

 Worst-case bounds & design guidelines Tobias Fellner  Christian Holm Robert L. Kosut
. o Institute for SC Solutions &
Details in the PEREl Computational Physics Department of Chemistry
University of Stuttgart Princeton University

Next steps: application, tighter bounds, ...
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