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Potential of quantum computing

Prime factorization:

• There exists no (known) efficient 
algorithm for classical computers

• Applications: cryptography

Quantum simulation:

• Simulating quantum systems is hard 
for classical computers

• Applications: drug design, quantum 
chemistry, material science 

Quantum computing promises major advances in computations
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Challenges in quantum computing

Noisy intermediate-scale quantum (NISQ) era

• Noisy devices → errors

• Scalability issues

• Quantum computers exist and can be programmed & accessed via cloud

• Limited reliability & size due to errors

Control-theoretic principles & methods play a major role!

Quantum computing faces a multitude of theoretical and practical challenges:
Robustness, scalability, feedback, performance, convergence, optimality, …
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Quantum computing and control
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Quantum computing and control

This talk

Using concepts and methods from control theory to better understand and 
improve quantum computing:

• Key concepts of quantum computing

• Robustness of quantum algorithms
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Quantum computing and control

This talk

Using concepts and methods from control theory to better understand and 
improve quantum computing:

• Key concepts of quantum computing

• Robustness of quantum algorithms



Introduction
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Qubits

Qubit state |𝜓⟩ is described by a unit vector in ℂ2 
• Bra-ket notation |𝜓⟩

• Qubits lie in superposition: 𝜓 = 𝛼 0 + 𝛽 1  

with 𝛼, 𝛽 ∈ ℂ and 0 =
1
0

, 1 =
0
1

• States differing by global phase 𝑒−𝑖𝜑 are equivalent
→Space of qubit states ≅ Bloch sphere

Multi-qubit quantum states

Collection of n qubits: vector in ℂ2 ⊗ ⋯ ⊗ ℂ2 = ℂ2𝑛
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Measurement of a quantum state

Projective Measurements

• Taken w.r.t. an observable 𝑀 = 𝑀†

Spectral theorem: 𝑀 = σ𝑖 𝜆𝑖𝑃𝑖 with 𝑃𝑖 = 𝑣𝑖𝑣𝑖
†

• Measurement outcome: eigenvalue 𝜆𝑖 of 𝑀
with probability 𝜓 𝑃𝑖 𝜓 ≔ 𝜓†𝑃𝑖𝜓

• Collapse of quantum state: When measuring 𝜆𝑖, 
the state after measurement is 𝑣𝑖

Measuring a single qubit 𝜓 = 𝛼 0 + 𝛽 1  w.r.t. Pauli matrix 𝑍 =
1 0
0 −1

• Measurement returns 1 with prob. 𝛼 2 and −1 with prob. 𝛽 2.

• State after measurement is 0  or 1 , respectively.
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Measurement of a quantum state

Projective Measurements

• Taken w.r.t. an observable 𝑀 = 𝑀†

Spectral theorem: 𝑀 = σ𝑖 𝜆𝑖𝑃𝑖 with 𝑃𝑖 = 𝑣𝑖𝑣𝑖
†

• Measurement outcome: eigenvalue 𝜆𝑖 of 𝑀
with probability 𝜓 𝑃𝑖 𝜓 ≔ 𝜓†𝑃𝑖𝜓

• Collapse of quantum state: When measuring 𝜆𝑖, 
the state after measurement is 𝑣𝑖

Measurement can be viewed as evaluation of a quadratic form! 

• Repeated measurements allow to evaluate 𝜓 𝑀 𝜓
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Quantum gates

Quantum gates are described by unitary matrices:

𝜓out = 𝑈 𝜓in

for some 𝑈 ∈ ℂ2𝑛×2𝑛
 with 𝑈†𝑈 = 𝐼.

𝑈 𝜓out𝜓in

• Quantum gates are linear and reversible

• Single-qubit gate = rotation on Bloch sphere

• Examples: Pauli gates

  𝑋 =
0 1
1 0

, 𝑌 =
0 −𝑖
𝑖 0

, 𝑍 =
1 0
0 −1
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Quantum algorithms

• Quantum algorithms ≈ linear algebra

𝑈. . .

. . .

𝑀𝜓0

Ingredients of a quantum algorithm

• Input state 𝜓0

• Unitary matrix 𝑈

• Measurement w.r.t. observable 𝑀

Summarized in one formula: 𝜓0 𝑈†𝑀𝑈 𝜓0

• 𝑈 consists of elementary gates. Key challenge: how to choose them
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Examples of quantum algorithms

• Shor’s algorithm: Integer factorization
• Polynomial complexity
• Implications for cryptography

• Quantum simulation: Solving the Schrödinger equation ሶ𝜓 = −𝑖𝐻 𝜓
• Classically challenging due to exponential size of 𝜓

• Applications: quantum chemistry, drug design, material science, …

• Quantum Fourier transform: Discrete Fourier transform of 𝜓
• Exponential speedup but result is stored in quantum state
• Key ingredient of other algorithms

• Grover’s algorithm: unstructured search
• Quadratic speedup (𝑂 𝑁  instead of 𝑂 𝑁 )
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Variational quantum algorithms

• Any unitary matrix can be written as 𝑈 = 𝑒−𝑖𝐻 for some 𝐻 = 𝐻†

• Parametrized unitaries 𝑈 𝜃 = 𝑈1 𝜃1 ⋯ 𝑈𝑁 𝜃𝑁 with 𝑈𝑗 𝜃𝑗 = 𝑒−𝑖𝜃𝑗𝐻𝑗 . 

𝑈1 𝜃1 𝑈𝑁 𝜃𝑁⋯|𝜓0⟩

𝜃+ = 𝑔(𝜃, 𝑣)

𝜃 𝑣 = 𝑓 𝜃
Goal: minimize 𝑓 𝜃  with
𝑓 𝜃 = 𝜓0 𝑈 𝜃 †𝑀𝑈 𝜃 𝜓0

→ Iteratively adapt parameters

Applications of VQAs:

• Finding minimum eigenvalue of 𝑀: relevant in quantum chemistry

• Combinatorial optimization

• Machine learning: Use 𝑓 𝜃  as function approximator



J. Berberich: Quantum computing through the lens of control

Variational quantum algorithms

• Any unitary matrix can be written as 𝑈 = 𝑒−𝑖𝐻 for some 𝐻 = 𝐻†

• Parametrized unitaries 𝑈 𝜃 = 𝑈1 𝜃1 ⋯ 𝑈𝑁 𝜃𝑁 with 𝑈𝑗 𝜃𝑗 = 𝑒−𝑖𝜃𝑗𝐻𝑗 . 

𝑈1 𝜃1 𝑈𝑁 𝜃𝑁⋯|𝜓0⟩

𝜃+ = 𝑔(𝜃, 𝑣)

𝜃 𝑣 = 𝑓 𝜃

Variational quantum algorithms: Feedback loops of quantum/classical algorithms

• Lur’e system: Static nonlinearity + linear dynamical system

• Challenges: Non-convexity, optimization landscape, …

Goal: minimize 𝑓 𝜃  with
𝑓 𝜃 = 𝜓0 𝑈 𝜃 †𝑀𝑈 𝜃 𝜓0

→ Iteratively adapt parameters
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Using quantum computers in control

Some problems addressed via quantum algorithms:

• Combinatorial optimization

• Mixed-integer optimization

• Semidefinite programming

• Linear systems of equations

Quantum computingSystems and control theory

Scope of this 
talk

???

Quantum computing has potential to address computational problems in control



Physical computation
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Connections
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Ising problems in quantum computing

Ising problem: minimize the Hamiltonian of a set of 𝑛 spins 𝑥𝑖 = ±1

𝐻 𝑥 = − ෍

𝑖<𝑗

𝐽𝑖𝑗𝑥𝑖𝑥𝑗 − ෍

𝑖

ℎ𝑖𝑥𝑖

Quantum reformulation

Steer quantum state 𝜓  to minimum of 𝜓 𝑀 𝜓  with observable

𝑀 = − ෍

𝑖<𝑗

𝐽𝑖𝑗𝑍𝑖𝑍𝑗 − ෍

𝑖

ℎ𝑖𝑍𝑖

• Notation 𝑍𝑗 : Applying 𝑍 =
1 0
0 −1

 to the j-th qubit

• Encompasses combinatorial optimization problems
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Tackling Ising problems via VQAs

𝑈1 𝜃1 𝑈𝑁 𝜃𝑁⋯|𝜓0⟩

𝜃+ = 𝑔(𝜃, 𝑣)

𝜃 𝑣 = 𝑓 𝜃

Minimize 𝑓 𝜃 = 𝜓0 𝑈 𝜃 †𝑀𝑈 𝜃 𝜓0  

with 𝑀 = − σ𝑖<𝑗 𝐽𝑖𝑗𝑍𝑖𝑍𝑗 − σ𝑖 ℎ𝑖𝑍𝑖

• Choice of 𝑈 𝜃 ?
• Optimization?
• Guarantees?
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Quantum annealing

Schrödinger equation: ሶ𝜓 𝑡 = −𝑖𝐻 𝑡 𝜓 𝑡  

Quantum annealing

Evolve with Hamiltonian 𝐻 𝑡 = (1 − 𝑢 𝑡 )𝐵 + 𝑢 𝑡 𝑀 with 𝐵 = σ𝑗 𝑋𝑗

1. Initial state 𝜓 0 = + ⊗𝑛 = 1 … 1  T

2. Change input slowly from 𝑢 0 = 0 to 𝑢 𝑇 = 1

3. Final state 𝜓 𝑇

• Adiabatic theorem: 
𝜓 𝑇  is the ground state of 𝑀 if the system evolves sufficiently slowly.

• Otherwise: used as a heuristic.
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Connections

?

...



Robustness of quantum algorithms:
Coherent control errors
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Quantum errors

Errors can enter at any stage:

• Preparing the input state 𝜓0

• Implementing the gates in 𝑈

• Performing the measurement 𝑀

• Keeping the qubits in coherence

Quantum error correction: detect & correct errors via additional gates & qubits
Problem: possibly large overhead

Understanding of errors and how to mitigate them is active research topic!

𝑈. . .

. . .

𝑀𝜓0
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Quantum errors

Coherent control errors

• Any unitary matrix 𝑈 can be written as 𝑈 = 𝑒−𝑖𝐻 for some 𝐻 = 𝐻†

• Coherent control error: The ideal gate 𝑈ideal = 𝑒−𝑖𝐻 is replaced by 
𝑈noisy 𝜀 = 𝑒−𝑖 1+𝜀 𝐻 for some 𝜀 ∈ ℝ

• Caused by imprecise control, e.g., miscalibration
• Similar results for more general errors 

(coherent & incoherent)

Our results: Analysis of coherent control errors

• Study inherent robustness of quantum algorithms

• Implications for algorithm design 
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Problem setup

Noisy quantum algorithm

| ⟩𝜓 𝜀 = 𝑈1 𝜀1 ⋯ 𝑈𝑁 𝜀𝑁 | ⟩𝜓0 with
𝑈𝑗(𝜀𝑗) = 𝑒−𝑖(1+𝜀𝑗)𝐻𝑗 and 𝜀𝑗 ∈ ℝ

• They are related via | ൿ෠𝜓 = | ⟩𝜓 0
• Assumption: 𝜀 is bounded, i.e., 𝜀 ≤ ҧ𝜀

Ideal quantum algorithm

| ൿ෠𝜓 = ෡𝑈1 ⋯ ෡𝑈𝑁| ⟩𝜓0 with ෡𝑈𝑗 = 𝑒−𝑖𝐻𝑗

Problem: Robustness analysis

Find fidelity lower bound: 𝜓 𝜀 ෠𝜓 ≥ 1 − 𝑐 ҧ𝜀2 for some 𝑐 > 0.
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Robustness analysis

Theorem

𝐿 = σ𝑗=1
𝑁 𝐻𝑗 is a Lipschitz bound of 𝜓 .

𝑒−𝑖𝐻1

𝑒−𝑖𝐻2

𝑒−𝑖𝐻5

𝑒−𝑖𝐻4

𝑒−𝑖𝐻3

Example: 𝐿 = 𝐻1 + ⋯ + ‖𝐻5‖

Definition: 𝐿 > 0 is a Lipschitz bound of | ⟩𝜓 if

‖|𝜓 𝜀 ⟩ − 𝜓 𝜀′ ⟩ ≤ 𝐿 𝜀 − 𝜀′ for all 𝜀, 𝜀′ ∈ ℝ𝑁.

Key idea: use concept of Lipschitz bounds
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Robustness analysis

Corollary

For any 𝜀 with 𝜀 ≤ ҧ𝜀 and any initial state 𝜓0 , it holds that

𝜓 𝜀 ෠𝜓 ≥ 1 − σ𝑗=1
𝑁 𝐻𝑗

2 ത𝜀2

2
.

• Fidelity loss bounded by ‖𝐻𝑗‖ and noise bound ҧ𝜀

• Smaller ‖𝐻𝑗‖ → better robustness 

Design of the algorithm influences its robustness!
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Application: Quantum Fourier Transform

We consider five different implementations of the 
Quantum Fourier Transform. For each, we
• compute the Lipschitz bound σ𝑗=1

𝑁 𝐻𝑗  
• simulate the circuit with coherent control errors.

Framework provides a priori 
robustness guarantees!

Discussion

• Small σ𝑗=1
𝑁 𝐻𝑗 → high fidelity

• Existing metrics such as gate count or
depth do not explain the outcome



Robustness of quantum algorithms:
Coherent errors
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Problem setup

Noisy quantum algorithm

| ⟩𝜓 = 𝑈1 ⋯ 𝑈𝑁| ⟩𝜓0 with noisy gates 𝑈𝑗

• Noisy gates: 𝑈𝑗 = ෡𝑈𝑗𝑈e,𝑗 with error 𝑈e,𝑗 → coherent error

Ideal quantum algorithm

| ൿ෠𝜓 = ෡𝑈1 ⋯ ෡𝑈𝑁| ⟩𝜓0 with ෡𝑈𝑗 = 𝑒−𝑖𝐻𝑗

• Examples: - Rotation with unknown but bounded angle
  - Coherent control errors

Assumption: Error model

𝑈e,𝑗 = 𝑒−𝑖𝐻e,𝑗 with 𝐻e,𝑗 ∈ ℋe,𝑗 for known set ℋe,𝑗 
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Theoretical analysis

Theorem

If 𝐻e,𝑗 ≤ 𝛿 and 𝐺 ≤ 𝛾𝛿 for any 𝐻e,𝑗 ∈ ℋe,𝑗 , then

𝜓 ෠𝜓 ≥ 1 −
1

2
𝛿2𝑁2 𝛾 +

𝑁 − 1

2
𝛿

2

Definition: G =
1

𝑁
σ𝑗=1

𝑁 ෠𝑉𝑗
†𝐻e,𝑗

෠𝑉𝑗 where ෠𝑉𝑗 depends on the algorithm

Goal: For a given algorithm and error model, compute a fidelity bound

• Bound 𝛾 is explicitly computable
• Algorithm-dependent vs. intrinsic error 

Guideline for algorithm design: minimize 𝛾
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Application: Quantum Fourier Transform

We consider different implementations A-D of the 
Quantum Fourier Transform. For each, we
• compute the fidelity bound with different error models

(coherent control error)

Discussion

• Bounds correlate with simulation results

• Results are tighter than prior work
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Application: Quantum Fourier Transform

We consider different implementations A-D of the 
Quantum Fourier Transform. For each, we
• compute the fidelity bound with different error models

(X/Y/Z-rotations)

Discussion

• Robustness properties are non-trivial and 
depend on the algorithm + error model

• Works for arbitrary coherent errors

Flexible framework for robustness analysis 
of quantum algorithms



Conclusion
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Wrap-up

Quantum algorithms consist of:

• Qubit state = complex unit vector

• Quantum gate = unitary matrix → rotation

• Measurement = quadratic form
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• Qubit state = complex unit vector

• Quantum gate = unitary matrix → rotation

• Measurement = quadratic form
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Wrap-up
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Wrap-up

Quantum algorithms consist of:

• Qubit state = complex unit vector

• Quantum gate = unitary matrix → rotation

• Measurement = quadratic form

Robustness of quantum algorithms:
Coherent control errors

• Worst-case bounds via Lipschitz continuity

• Design guidelines: small 𝐻𝑗

Institute for Computational Physics
University of Stuttgart

Daniel Fink Christian Holm
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Wrap-up

Institute for 
Computational Physics
University of Stuttgart

Christian Holm

SC Solutions & 
Department of Chemistry 

Princeton University

Tobias Fellner Robert L. Kosut

Quantum algorithms consist of:

• Qubit state = complex unit vector

• Quantum gate = unitary matrix → rotation

• Measurement = quadratic form

Robustness of quantum algorithms:
Coherent and incoherent errors

• Worst-case bounds & design guidelines

• Details in the paper

Next steps: application, tighter bounds, … 
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